Let K be an arithmetic function field, that is, a field of finite type over Q. In this note, as an application of the height theory due to Chen-Moriwaki [1], we would like to show that the solutions of Fermat's curve X N + y N = 1 of degree N over K consist of only either 0 or roots of unity for almost positive integers N. More precisely, the density of such N in Z 1 is 1.
Conclusion
In this note, we would like to show an application of the new height theory due to Chen-Moriwaki [7, 1] to Fermat's conjecture over an arithmetic function field.
Let N be a positive integer and F N be the Fermat curve of degree N over Z, that is,
. Let K be a field. We say that F N has Fermat's property over K if
where µ(K) is the group consisting of roots of unity in K, that is, µ(K) = {x ∈ K | ∃ n ∈ Z 1 such that x n = 1}. Theorem 0.1. We assume the following:
(i) The field K has a proper adelic structure with Northcott's property (see Section 1) .
(ii) There is a positive integer p 0 such that F p (K) is finite for any prime number p p 0 . Then one has lim m→∞ # ({N ∈ Z | 1 N m and F N has Fermat's property over K}) m = 1.
If K is an arithmetic function field, that is, K is a finitely generated field over Q, then the first condition (i) of the above theorem holds by Chen-Moriwaki [7, 1] or Proposition A.3. Moreover, the second condition (ii) also holds for p 0 = 5 by Faltings [3] . Therefore, as a consequence of the above theorem, one has the following corollary. In the case where K = Q, it was proved by [2, 4, 5] (cf. [8] ). A general number field case is treated in [6] . The above corollary gives an evidence of the following conjecture:
Conjecture 0.3 (Fermat's conjecture over an arithmetic function field). Let K be an arithmetic function field. Then is there a positive integer N 0 depending on K such that F N has Fermat's property over K for all N N 0 ?
Adelic structure of field
Here we recall an adelic structure of a field and the height function with respect to the adelic structure (for details, see [1] ).
Let K be a field. An adelic structure of K consists of data S = (K, (Ω, A, ν), φ) satisfying the following properties:
We call the data S an adelic curve. Moreover, S is said to be proper if
holds for all a ∈ K × . The equation (1.1) is called the product formula. From now on, we assume that S is proper. For (x 0 , . . . , x n ) ∈ K n+1 \ {(0, . . . , 0)}, we define h S (x 0 , . . . , x n ) to be h S (x 0 , . . . , x n ) := Ω log max{|x 0 | ω , . . . , |x n | ω }ν(dω).
Note that by the product formula (1.1), the map h S : K n+1 \ {(0, . . . , 0)} → R descents to P n (K) → R. By abuse of notation, we denote it by h S (x 0 : · · · : x n ), which is called the height of (x 0 : · · · : x n ) with respect to S. Moreover, we say S has Northcott's property if, for any C ∈ R, the set
for all j = 0, . . . n, so that if S has Northcott's property, then the set {(x 0 : · · · : x n ) ∈ P n (K) | h S (x 0 : · · · : x n ) C}.
is finite for any C ∈ R. Finally note that if K is an arithmetic function field (i.e., K is a finitely generated field over Q), then K has a proper adelic structure with Northcott's property (cf. [7, 1] or Proposition A.3 for a construction without Arakelov theory).
Proof of Theorem 0.1
Let S = (K, (Ω, A, ν), φ) be a proper adelic structure of a field K with Northcott's property. Lemma 2.1. If h S (a 0 : · · · : a n ) = 0 for (a 0 : · · · : a n ) ∈ P n (K), then there is
Proof. Without of loss of generality, we may assume that a 0 = 1. Note that h S (a N 0 : · · · : a N n ) = Nh S (a 0 : · · · : a n ) = 0, so that, by Northcott's property, the set
Proposition 2.2. The following are equivalent:
(1) F N has Fermat's property over K. Proof. Let us consider H and a as follows:
Note that a > 0 because S has Northcott's property. If m ∈ Z ⌈exp(H/a)⌉ and there is ( Proof. Since the Riemann zeta function has a pole at 1, for 0 < ǫ < 1, there are primes p 1 , . . . , p r such that p 0 p 1 < · · · < p r and ∏ r i=1 (1 − 1/p i ) ǫ. By our assumption, if we set Q = p 1 · · · p r , then there is n 0 ∈ Z 1 such that {n ∈ Z 1 | n n 0 and GCD(Q, n) = 1} ⊆ T, that is,
As #{1 n Q | GCD(Q, n) = 1} is equal to the Euler number ϕ(Q), we obtain
Thus, for m max{(n 0 − 1)/ǫ, Q/ǫ},
as required. (2) Similarly as the original Fermat's conjecture, we may consider the following problem: for an arithmetic function field K and a sufficiently large integer N, does x N + y N = 1 (x, y ∈ K) imply xy = 0? However, it doesn't seem to be good as a conjecture. Indeed, we assume that e πi/3 , e −πi/3 ∈ K. If we set x = e πi/3 and y = e −πi/3 , then x + y = 1, x 6 = y 6 = 1, x 5 = y and y 5 = x, so that x N + y N = 1 and xy = 0 for an integer N with N ≡ 1, 5 mod 6.
Appendix A. Adelic structure of arithmetic function field
In this appendix we give a specific adelic structure of an arithmetic function field without using Arakelov Geometry.
Let A [0,1] n and ν [0,1] n be the Borel σ-algebra and the standard Borel measure on [0, 1] n , respectively. Let p n : [0, 1] n → C n be a continuous map given by p n (t 1 , . . . , t n ) = (e 2πit 1 , . . . , e 2πit n ). Let f ∈ C[X 1 , . . . , X n ]. Note that if f = 0, then log | f (e 2πit 1 , . . . , e 2πit n )| is integrable on [0, 1] n , so that one can introduce µ( f ) as follows:
. , e 2πit n )|dt 1 · · · dt n otherwise.
Then one has the following basic facts, which can be checked easily.
(a) Let Ω ∞ be the set of all (t 1 , . . . , t n ) ∈ [0, 1] n such that e 2πit 1 , . . . , e 2πit n are algebraically independent over Q.
Then Ω ∞ is a Borel subset of [0, 1] n such that [0, 1] n \ Ω ∞ is a null set. In particular, Ω ∞ is dense in [0, 1] n .
(b) For any d and C, the set
• Let Ω h be the set of all prime divisors on P n Q = Proj(Q[T 0 , . . . , T n ]). If we set X i := T i /T 0 for i = 1, . . . , n, then the function field of P n Q is Q(X 1 , . . . , X n ). For each ω ∈ Ω h , let P ω be a defining homogeneous polynomial of ω such that P ω ∈ Z[T 0 , . . . , T n ] and P ω is primitive. Note that P ω is uniquely determined up to ±1. We fix λ ∈ R 0 . For ω ∈ Ω h , a nonarchimedean absolute value | . | ω on Q(X 1 , . . . , X n ) is defined to be
Note that if λ = 0 and µ(P ω (1, X 1 , . . . , X n )) = 0, then | . | ω is the trivial absolute value.
Let Ω v be the set of all prime number of Z. For p ∈ Ω v , let | . | p be the p-adic absolute value of Z with |p| p = 1/p. For f = ∑ (i 1 ,...,i N )∈Z n 0 a i 1 ,...,i n X i 1 1 · · · X i n n ∈ Q[X 1 , . . . , X n ], if we set | f | p = max (i 1 ,...,i n )∈Z n 0 {|a i 1 ,...,i n | p }, then, by Gauss' lemma, one can see that | f g| p = | f | p |g| p , so that | . | p extends to an absolute value of Q(X 1 , . . . , X n ).
We set Ω fin := Ω h ∐ Ω v . A measure space (Ω fin , A fin , ν fin ) is the discrete measure space on Ω fin such that ν fin ({ω}) = 1 for all ω ∈ Ω fin .
• By the above (a), Ω ∞ is a dense Borel set in [0, 1] n with ν [0,1] n (Ω ∞ ) = 1. For t = (t 1 , . . . , t n ) ∈ Ω ∞ , | f | t is defined by | f | t := | f (e 2πit 1 , . . . , e 2πit n )|, where | . | is the usual absolute value of C. A measure space (Ω ∞ , A ∞ , ν ∞ ) is defined to be the restriction of the Borel σ-algebra A [0,1] n and the Borel measure
Definition A.1. An adelic structure of Q(X 1 , . . . , X n ) given by
is denoted by Σ n,λ .
Lemma A.2.
(1) Σ n,λ is proper, that is,
for all f ∈ Q(X 1 , . . . , X n ) × . (2) If λ > 0, then Σ n,λ has Northcott's property.
Proof. (1) We set p ω := P ω (1, X 1 , . . . , X n ) ∈ Z[X 1 , . . . , X n ]. Note that if we denote {T 0 = 0} by ω 0 , then µ(p ω 0 ) = 0 and ord ω 0 ( . ) on Q(X 1 , . . . , X n ) is nothing more
On the other hand, as [0, 1] n \ Ω ∞ is a null Borel subset by the above (a),
. , e 2πit n )|dt 1 · · · dt n , as required.
(2) We need to see that the set { f ∈ Q(X 1 , . . . , X n ) | h S (1 : f ) C} is finite for any C. We choose f 1 , f 2 ∈ Z[X 1 , . . . , X n ] such that f = f 2 / f 1 and f 1 and f 2 have no common factors in Z[X 1 , . . . , X n ]. Then, by (1),
log max{| f 1 (e 2πit 1 , . . . , e 2πit n )|, | f 2 (e 2πit 1 , . . . , e 2πit n )|}dt 1 · · · dt n , so that if h Σ n,λ (1 : f ) C, then
Note that max{µ( f 1 ), µ( f 2 )} 0 by the above (c), and hence
Thus (2) follows from the above (b).
Proposition A.3. For an arithmetic function field K, one can give a proper adelic structure S of K such that S has Northcott's property.
Proof. Let n be the transcendental degree of K over Q. Then there are X 1 , . . . , X n ∈ K such that X 1 , . . . , X n are algebraically independent over Q and K is a finite extension over K 0 := Q(X 1 , . . . , X n ). Fix λ > 0 and consider the adelic structure Σ n,λ of K 0 as in Definition A.1. By Lemma A.2, Σ n,λ is a proper adelic curve with Northcott's property. Let Σ n,λ = (K 0 , (Ω 0 , A 0 , ν 0 ), φ 0 ), Ω := Ω 0 × M K 0 M K and φ : Ω → M K the natural map. Moreover, let A be the smallest σ-algebra such that the projection Ω → Ω 0 (which is denoted by π K/K 0 ) is measurable and (ω ∈ Ω) → |a| ω is measurable for all a ∈ K. For a function g on Ω and ω 0 ∈ Ω 0 , I K/K 0 (g)(ω 0 ) is defined to be
where K ω and K 0,ω 0 are the completions of K and K 0 with respect to ω and ω 0 , respectively. Note that I K/K 0 (g) is a function on Ω 0 . For A ∈ A, 
